Energy dissipation in spiral layers of high azimuthal vorticity around a straight vortex tube is investigated analytically. Asymptotic expressions of local and total viscous dissipation are obtained for the spiral vortex layers. When a vortex tube, which aligns with a uniform shear flow of a shear rate S, starts with a vortex filament of circulation ⌫ at an initial instant t = 0, it wraps and stretches background vorticity lines around itself to form double spiral vortex layers of intense dissipation. The contribution of the spiral layers to total dissipation per unit axial length is evaluated to be 1.29 2 S 2 ͑⌫ /2͒ 4/3 t at large vortex Reynolds numbers ⌫ / ӷ 1, being the kinematic viscosity of fluid. There exists the critical time after which the contribution of the spirals to the total dissipation dominates that of the tube. If the tube is tilted at a small angle ␣ in the direction of the uniform shear vorticity, the spirals around the tube are cross axially sheared into different shapes depending on the sign of ␣, which leads to local reduction ͑or enhancement͒ of the energy dissipation in the spirals at ␣ Ͼ 0 ͑or Ͻ0͒. The primary effect of the cross-axial shear on the total dissipation is shown to be − 1 4 ␣S 3 ⌫ ln͑⌫ /2͒t 2 at St͉␣͉ Ӷ 1 for ⌫ / ӷ 1. The contribution to turbulent energy dissipation from spiral structures around a tubular vortex at a large-Reynolds-number limit is also discussed based upon recently reported direct numerical simulations and the present analysis.
I. INTRODUCTION
Tube-like coherent structures of concentrated intense vorticity have commonly been observed in various classes of turbulent flows, e.g., isotropic turbulence, 1 homogeneous shear turbulence, 2 mixing layer turbulence, 3 and near-wall turbulence. 4 In homogeneous isotropic turbulence, among others, much effort has been devoted to characterization of tubular vortices.
1, [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] It has widely been accepted that tubelike elongated structures have a cross-sectional radius of the order of the Kolmogorov microscale, and individual tubes have length of the order ranging from the Taylor microscale to the integral scale of turbulence. They have lifetimes of the order of the large-eddy-turnover time.
14 Since Tennekes' 15 proposal of a structural model of turbulence, in which all of turbulence kinetic energy was assumed to be dissipated by vortex tubes, the energy dissipation caused by tube-like structures in turbulence has been investigated numerically 7, 12 and analytically. 16 Tubular vortices have been expected to be one of the typical dissipative structures in turbulence. In recent direct numerical simulations of isotropic turbulence, however, Jiménez and Wray 14 have shown that tubular structures of strong axial vorticity, although responsible for most of the intermittency effects of the higher moments of velocity derivatives, are themselves responsible for only a negligible part of the energy dissipation. They found that strong tubular vortices, which have axial vorticity of O͑ rms R 1/2 ͒, occupy a volume fraction of the order R −2 , where R is the Taylor-microscale Reynolds number and rms represents the rms vorticity of turbulence. This finding implies that the contribution rate to the total dissipation from strong tubes is of the order R −1 , and therefore it should decrease rapidly with R .
Another candidate for typical dissipative structures in turbulence is spiral layers of concentrated vorticity, [17] [18] [19] which are traced back to Corrsin's 20 layer-like model of turbulence. Although spiral structures in turbulence have been less understood, there are at least two possible mechanisms of their generation. If a vortex layer winds up into a vortex tube, [21] [22] [23] the original layer forms double spirals around the tube. The vortex layers wound up in this way are the Lundgren spirals. 17 If a vortex tube is in a weaker background vorticity field, on the other hand, the tube wraps and stretches vorticity lines around itself to form double spiral vortex layers. 18, 19 We note that in the former mechanism, i.e., the Lundgren spirals, the vorticity in spirals aligns with a tube, while in the latter the vorticity is dominated by the cross-axial component because of vorticity stretching and intensification. Therefore, these two classes of spirals are quite distinct from each other. Lundgren 17 has obtained a largetime asymptotic solution to the Navier-Stokes equations for the spiral layers of the axial vorticity subjected to an axisymmetric irrotational strain and shown that his spiral vortices exhibit the energy spectrum with a range of a Kolmogorov k −5/3 falloff ͑see also the works of Lundgren 24 and Gilbert 25 ͒. The spirals of the cross-axial vorticity in the axisymmetric straining flow have a k −7/3 spectrum at large wavenumbers, 26, 27 and the energy dissipation for the spirals of the axial and the cross-axial vorticities can be of comparable order. 26 Recently, in their direct numerical simulation of isotropic turbulence, Kida and Miura 28 have found the existence of double spiral vortex layers with the dominant azimuthal compoment of vorticity, that is, the latter class of spirals. Horiuti 29, 30 has proposed a classification method for layer and tube structures in turbulence and observed a vortex layer with the vorticity perpendicular to that of a tube.
In this paper, we investigate analytically energy dissipation in spiral vortex layers of intense azimuthal vorticity that are formed through wrap and stretch of vorticity lines around a vortex tube. We introduce a highly simplified model in order to obtain analytical solutions for the full description of viscous dissipation caused by spiral vortex layers. In this model, a straight diffusing vortex tube, which starts with a vortex filament at initial time, is embedded in a uniform shear flow, and the tube is tilted in the direction of the uniform shear vorticity at a small angle ␣ from the streamwise direction. In isotropic turbulence as well as sheared turbulence, straightly elongated tubular vortices of intense vorticity commonly exist in a background vorticity field, and they generally undergo a cross-axial nonaxisymmetric strain. In turbulent shear flows, for instance, longitudinal tubular structures are often observed to slightly tilt in the spanwise direction from the streamwise direction, 2,4 so that the tubes and spiral layers around them may be sheared cross axially. The flow to be discussed in this paper, therefore, could be regarded as one of the simplest models of essential flow structures around a tube-like vortex in turbulence.
Basic equations for the analytical model and a viscous dissipation rate are described in Sec. II. We analyze the energy dissipation for spiral vortex layers around a longitudinal tube for ␣ = 0 to elucidate the contribution of the spirals to total dissipation in Sec. III. The role of spiral structures around tubular vortices in turbulent energy dissipation is also discussed based upon recently reported direct numerical simulations 1,14,31 and the present analysis. In Sec. IV, the energy dissipation in the spirals around a slightly tilted vortex tube is analyzed asymptotically at early-time evolution St͉␣͉ Ӷ 1 to demonstrate the effect of cross-axial shear on the spirals and their total dissipation. Section V is devoted to the concluding remarks. Preliminary versions of parts of the present manuscript appeared previously as Refs. 32 and 33.
II. FORMULATION
Let us consider an incompressible viscous flow around an infinitely straight vortex tube. At an initial instant t =0, a straight vortex filament of circulation ⌫ ͑Ͼ0͒ is set in a uniform shear flow. The velocity and the vorticity of the uniform shear flow are, respectively, SYe X and −Se Z , where S ͑Ͼ0͒ is a constant shear rate, and e X and e Z denote unit vectors in the streamwise ͑X͒ and the spanwise ͑Z͒ directions, respectively. The origin O of the coordinate system OXYZ ͑and also Oxyz below͒ is located on the vortex filament. The filament is inclined at an angle ␣ from the X axis on the plane Y = 0, and at t Ͼ 0 it will be diffused into a vortex tube of a finite radius under the action of viscosity. In the following, we shall formulate the problem by using another coordinate system Oxyz. The coordinate system Oxyz is defined by rotating the original coordinate system OXYZ by the angle ␣ around the Y axis so that the x axis can coincide with the central axis of the vortex tube. The vorticity of the tube is taken to be pointed in the positive x direction. Hereafter, the x direction is called the axial direction, while the y and the z directions are called the cross-axial directions. If the inclination angle ␣ is positive ͑or negative͒, the tube has the spanwise vorticity component of the same ͑or opposite͒ sign as that of the uniform shear flow. Hereafter, the vortex tube of ␣ Ͼ 0 ͑or Ͻ0͒ is referred to as cyclone ͑or anticyclone͒. The cyclone and the anticyclone undergo the crossaxial shear as well as the axial shear. At the neutral case of ␣ = 0, which will first be considered in Sec. III, the vortex tube aligns with the uniform shear flow, so that the coordinate system Oxyz coincides with the original one OXYZ. In this case the vortex tube is not subjected to the cross-axial shear.
A. Basic equations
Although the axial dependence of the flow around tubular structures would affect their dynamics, 34 intense vortex tubes in many turbulent flows are likely elongated rather straight so that the essential process of their dynamics may be approximately described under the assumption of uniformity of the flow field along the vortex tube. If we suppose that the velocity and the pressure fields are uniform along the central axis of the tube, i.e., the x axis, the velocity v͑y , z , t͒ and the vorticity ͑y , z , t͒ can be expressed using the streamfunction ͑y , z , t͒ and the axial velocity u͑y , z , t͒, respectively, as
where e x , e y , and e z denote unit vectors in the x, the y, and the z directions, respectively, and ٌ 2 = ‫ץ‬ 2 / ‫ץ‬y 2 + ‫ץ‬ 2 / ‫ץ‬z 2 is a two-dimensional Laplacian operator. In ͑1͒ and ͑2͒, Sy sin ␣ represents the cross-axial shear flow, which originates from the uniform shear flow, and S sin ␣ represents its vorticity. The streamfunction appears in the axial component of the vorticity to represent the vortex tube, while the axial velocity appears in the cross-axial components of the vorticity to represent the spiral vortex layers. Note that isocontours of the axial velocity u on the cross-axial ͓͑y , z͒-͔ plane are consistent with the projections of vorticity lines on that plane.
The streamfunction and the axial velocity obey the vorticity equation
and the Navier-Stokes equation where r = ͑y 2 + z 2 ͒ 1/2 denotes a radial distance from the x axis. The boundary conditions to be imposed at r → ϱ are that
In addition to the boundary conditions ͑7͒ at infinity, and u are assumed to be regular at r =0. By introducing the plane polar coordinates ͑r , ͒ with y = r cos and z = r sin , ͑3͒ and ͑4͒ are rewritten as 
B. Viscous dissipation rate
We next consider an energy dissipation rate. Let s ij ͑i , j =1,2,3͒ denote a rate-of-strain tensor in the coordinate system Oxyz, the elements of which are
The viscous dissipation rate per unit mass and unit time is then given by
where the first term S 2 comes from the background uniform shear flow, while the second
and the third
correspond to the contributions from the vortex tube and spiral vortex layers, respectively. In ͑12͒, the first and second terms represent the contribution of the tube itself, while the third and the fourth represent a consequence of the interaction between the tube and the background cross-axial shear flow. Note that in ͑13͒, ͑‫ץ‬u / ‫ץ‬r͒ 2 + r −2 ͑‫ץ‬u / ‫͒ץ‬ 2 represents the square of the cross-axial vorticity, and the contribution of the background axial shear flow has been subtracted.
III. DISSIPATION FOR ␣ = 0: TUBE VERSUS SPIRALS
Let us consider the energy dissipation around the vortex tube aligned with the uniform shear flow at ␣ = 0. The largeReynolds-number asymptotic forms of the velocity and the vorticity fields for the neutral case of ␣ = 0 have already been obtained by Moore 18 and Kawahara, Kida, Tanaka, and Yanase. 19 We first describe Moore's asymptotic solution briefly.
For ␣ = 0, the solution to the vorticity equation ͑8͒ under the initial and boundary conditions ͑6͒ and ͑7͒ is uniquely determined as
except for an additive constant, which does not affect the flow, where .
͑16͒
The streamfunction ͑14͒ and the axial vorticity ͑16͒ represent an axisymmetric diffusing vortex tube. We next consider the axial velocity u. Let us seek the solution to the Navier-Stokes equation ͑9͒, written in a separation-of-variable form in the similarity variable and the angular coordinate , as
Substitution of ͑14͒ and ͑17͒ into ͑9͒ yields
where hereafter the prime is used to denote differentiation with respect to . Boundary conditions to be imposed are that rf͑͒ is regular at = 0 and that f͑ϱ͒ =1 ͓see ͑6͒ and ͑7͔͒. At ⌫ / ӷ 1, the asymptotic solution to ͑18͒ has been obtained in the far region ӷ ͑⌫ / ͒ 1/4 from the vortex tube by Moore 18 and Kawahara, Kida, Tanaka, and Yanase 19 as
where
denotes the vortex Reynolds number. The solution f is exponentially small at ⌫ / ӷ 1 up to the region ϳ͑⌫ / ͒ 1/4 . Note that the asymptotic expression ͑19͒ is for the far region and thus it is independent of the inner structure of the vortex tube.
A. Structures of dissipation rate
We now investigate the viscous dissipation around the vortex tube. By substituting the solution ͑14͒ into the dissipation rate ͑12͒ for ␣ = 0, we obtain the dissipation for the tube,
For the dissipation caused by the spiral vortex layers, on the other hand, the square of the cross-axial vorticity is expressed in terms of the function f, defined by ͑17͒, as
ͬ ,
͑22͒
and thus we substitute ͑22͒ into the dissipation rate ͑13͒ at ␣ = 0 to obtain
ͬ .
͑23͒
Figures 1͑a͒ and 1͑b͒ show the spatial distributions, in the cross-axial plane, of the magnitude of the cross-axial vorticity ͓͑‫ץ‬u / ‫ץ‬r͒ 2 + r −2 ͑‫ץ‬u / ‫͒ץ‬ 2 ͔ 1/2 and of the viscous dissipation D T + D S at ␣ = 0 for moderate Reynolds number ⌫ / ͑2͒ = 100. In their direct numerical simulations of isotropic turbulence, Jiménez, Wray, Saffman, and Ragallo 1 reported that the vortex Reynolds number of intense tubular vortices is increased as ⌫ / ͑2͒ϳR 1/2 , and its average is 20-34 at R = 36-168. Kida and Makihara 31 recently presented the statistics of low-pressure vortices which are identified without any threshold 35 in isotropic turbulence, and the average of ⌫ / ͑2͒ for their vortices are 17-20 at R = 82-174. The cross-axial vorticity ͑a͒ and the viscous dissipation ͑b͒ have been obtained at time St = 2.94 by numerically solving the full equation ͑18͒. This is the critical time at which the contribution of the spirals ͓i.e., D S in ͑23͔͒ to the total dissipation coincides with that of the tube ͓i.e., D T in ͑21͔͒, as will be discussed in Sec. III B. Figures 1͑c͒, 1͑d͒ , 1͑e͒, and 1͑f͒ are, respectively, for the cyclone and the anticyclone which will be discussed in Sec. IV. In Figs. 1͑a͒, 1͑c͒, and 1͑e͒, a level of the vorticity magnitude is represented by color: the red is the highest ͑4S͒ and the blue is the lowest ͑i.e., null͒. In Figs. 1͑b͒, 1͑d͒, and 1͑f͒ a level of the dissipation is also represented by color: the red is the highest ͑27S 2 ͒ and the blue is the lowest ͑i.e., null͒. The isocontours of the axial velocity are also shown by the solid curves. The diagonal length of each panel is 40͑t͒ 1/2 , or equivalently 20
in the similarity variable .
It can be seen in Fig. 1͑a͒ that the vortex tube, which is located at the center of the panel, wraps and stretches the background vorticity lines ͑isocontours of u͒ around itself to form double spiral layers of high cross-axial vorticity. The vorticity lines run along the spirals so that the azimuthal component can be dominant in the cross-axial vorticity. The double spirals have the azimuthal vorticity of opposite sign to each other. The spirals in Fig. 1͑a͒ are remarkably similar to those observed in real turbulence ͓cf. Fig. 1͑c͒ in the paper of Kida and Miura 28 ͔. We can see that the cross-axial vorticity disappears from the central region near the vortex tube. In the near region, the spirals of the opposite-signed azimuthal vorticities are wrapped so tightly that cross diffusion, i.e., viscous annihilation, is enhanced to smooth out the spirals. 18, 19 055111-4 Genta Kawahara Phys. Fluids 17, 055111 ͑2005͒
FIG. 1. ͑Color͒. Spatial distributions, in the cross-axial plane, of the magnitude of the cross-axial vorticity and of the viscous dissipation rate at the critical time St = 2.94 for vortex Reynolds number ⌫ / ͑2͒ = 100. ͓͑a͒ and ͑b͔͒ The neutral case ␣ =0. ͓͑c͒ and ͑d͔͒ The cyclonic case ␣ = + 0.2. ͓͑e͒ and ͑f͔͒ The anticyclonic case ␣ = −0.2. In ͑a͒, ͑c͒, and ͑e͒, the magnitude of the cross-axial vorticity ͓͑‫ץ‬u / ‫ץ‬r͒ 2 + r −2 ͑‫ץ‬u / ‫͒ץ‬ 2 ͔ 1/2 is shown by color: red is the highest ͑4S͒ and blue is the lowest ͑i.e., null͒. In ͑b͒, ͑d͒, and ͑f͒, the viscous dissipation rate D T + D S is shown by color: red is the highest ͑27S 2 ͒ and blue is the lowest ͑i.e., null͒. The solid curves represent the isocontours of the axial velocity u. Contour levels are u = n͑S͒ 1/2 ͓n =−20͑4͒20͔. The diagonal length of each panel is 40͑t͒
1/2 .
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In the corresponding viscous dissipation rate ͓Fig. 1͑b͔͒, there are two spatial structures of intense dissipation. One is the circular ring near the center, which is generated through a swirling flow induced by a vortex tube, i.e., D T . The other is the two spirals around the ring, which represent intense dissipation caused by an axial flow induced by wrapped spiral layers of high azimuthal vorticity, i.e., D S . Although the local energy dissipation in the spirals is lower than that in the ring, the volume per unit axial length of the spirals is larger than that of the ring so that the contributions to total-energy dissipation from the spirals and the tube can be consistent at the critical time, as will be shown below.
B. Total dissipation and critical time
Kawahara, Kida, Tanaka, and Yanase 19 intuitively argued the possibility that the total dissipation for spiral vortex layers would be comparable to that for a vortex tube even at large vortex Reynolds numbers ⌫ / ӷ 1. Here, we strictly examine the total dissipation per unit axial length for the spirals in comparison with that for the tube.
The contribution of the tube to the total dissipation is evaluated, from ͑21͒, as
which decreases in time t because the tube is diffused as time progresses. The contribution of the spirals is, on the other hand, expressed, using ͑23͒, as
The contribution, ͑25͒, of the spirals increases linearly in time t in contrast with ͑24͒ for the tube ͑see below for physical interpretation͒. At ⌫ / ӷ 1, by using the asymptotic solution ͑19͒ the primary order of the integral ͑26͒ can be estimated as
where ⌫͑·͒ is the gamma function. For ⌫ / ӷ 1, therefore, we can evaluate the primary contribution of the spirals as
Because the asymptotic expression ͑28͒ has been obtained from the solution ͑19͒ for the far region, the expression ͑28͒ does not depend on the inner structure of a vortex tube. Figure 2 compares the large-Reynolds-number asymptotic form ͑27͒ with the numerical computation of ͑26͒ for the numerical solution f to the full equation ͑18͒. We can confirm that at large ⌫ / , say ⌫ / ͑2͒ տ 20-30, the integral ͑26͒ is described satisfactorily by the asymptotic form ͑27͒, implying that the contribution to the total dissipation is dominated by the spirals in the far region. The value of the vortex Reynolds numbers for tubular structures observed in turbulence is around 20-30 at Taylor-microscale Reynolds numbers R Ϸ 100. 1,31 A minimum Reynolds number of R Ϸ 100 is required by fully developed turbulent states, 36 in which the spiral structures could be represented by the asymptotic solution and the spirals in the far region might have dominant contribution to the dissipation. The total-energy dissipation for the spirals is increased proportionally to ͑⌫ /2͒ 4/3 with increasing ⌫ / ͑2͒, as expressed in ͑28͒. This order of the contribution to the total dissipation from the spiral structures will be interpreted physically below.
As demonstrated above, the total dissipation for the vortex tube decreases with t, while that for the spiral vortex layers increases. Accordingly there exists the critical time at which the total dissipation for the spirals catches up with that for the tube. Let us evaluate the critical time t c . By equating ͑24͒ with ͑25͒, we obtain the critical time
At large ⌫ / , substitution of the primary order, ͑27͒, of the integral I 0 into ͑29͒ yields
. ͑30͒
The Reynolds-number dependence of the critical time t c is shown in Fig. 3 . At time t Ͼ t c the contribution of the spiral vortex layers to the total dissipation dominates that of the vortex tube. Although the critical time increases gradually as the vortex Reynolds number is increased, it stays at a relatively low level St c = O͑1͒ ͓e.g., St c = 2.94 even for ⌫ / ͑2͒ = 100͔. It follows from the asymptotic form ͑30͒ that at large Reynolds numbers the critical time increases quite slowly as ͑⌫ /2͒ 1/3 . The above results lead us to the conclusion that a dominant contributor to the total-energy dissipation is the spiral vortex layers around the diffusing vortex tube rather than the tube itself at the later stage of time evolution. Now we discuss the physical mechanism that determines the order of the energy dissipation caused by spiral structures around a vortex tube. Let us first recall Kawahara, Kida, Tanaka, and Yanase's 19 intuitive argument about the structures of the velocity and the vorticity for the spiral vortex layers. In the far region from a vortex tube, we can regard the tube as a vortex filament. If we consider an inviscid case, the form of the spirals should be determined by the angular velocity, ⌫ / ͑2r 2 ͒, of the swirling flow induced by the filament ͓see ͑6͔͒ as − ⌫t / ͑2r 2 ͒ = const. The radial spacing ⌬r of the spirals is given by the change of r per the angular change ⌬ Ϸ 2, so that we have ͑⌫t / r 3 ͒⌬r ϳ ⌬ ϳ 1, or equivalently ⌬r ϳ r 3 / ͑⌫t͒. The azimuthal vorticity ͑or the radial gradient of the axial velocity͒ is then estimated as u / ⌬r ϳ Sr / ⌬r ϳ S⌫t / r 2 . It turns out that in the inviscid spirals, their spacing would be infinitely small and thus their vorticity would be infinitely large at smaller r because of the infinite wrap and stretch of the vorticity lines near the filament. In reality, however, the viscosity plays a role in the region where the spacing ⌬r is comparable with the viscous length scale ͑t͒ 1/2 , that is, r 3 / ͑⌫t͒ϳ͑t͒ 1/2 or equivalently r ϳ͑⌫ / ͒ 1/3 ͑t͒ 1/2 . In this region the enhancement of the azimuthal vorticity is saturated by the effect of the viscosity, and consequently the azimuthal vorticity attains a maximum u / ⌬r ϳ S͑⌫ / ͒ 1/3 whereas the cross-axial vorticity is expelled from the inner region r Ӷ ͑⌫ / ͒ 1/3 ͑t͒ 1/2 . At r ϳ͑⌫ / ͒ 1/3 ͑t͒ 1/2 the energy dissipation rate for the spirals also attains a maximum ͑u / ⌬r͒ 2 ϳ S 2 ͑⌫ / ͒ 2/3 . The volume per unit axial length of the spirals with highest dissipation, i.e., the strongest spirals in the region r ϳ͑⌫ / ͒ 1/3 ͑t͒ 1/2 , is of the order ͑⌫ / ͒ 2/3 t, so that the primary contribution to total dissipation from the spirals is estimated as
which is consistent with the order of the exact expression ͑28͒. Let us next discuss the energy dissipation of a tubular structure. In the case of a diffusing vortex tube, its radius is of the order ͑t͒ 1/2 and thus an azimuthal shear rate ͑or axial vorticity͒ is of the order ⌫ / ͑t͒, so that the dissipation rate is of the order ͑⌫ / t͒ 2 and therefore the total dissipation is estimated as ͑⌫ / t͒ 2 t ϳ ⌫ 2 / t. When the total dissipation for the diffusing tube is comparable to that for the spirals, 2 S 2 ͑⌫ / ͒ 4/3 t, we have the critical time St c ϳ͑⌫ / ͒ 1/3 , which is consistent with the exact estimate ͑30͒. If we suppose the diffusing vortex tube subject to the axial stretching of a strain rate , it approaches the Burgers-vortex-tube limit in which the viscous diffusion of vorticity is in balance with its axial stretching. This balance determines the order of the tube radius ͑ / ͒ 1/2 . Then the same argument as that for the diffusing vortex tube leads us to the estimate of the order of the total dissipation for the Burgers vortex tube ⌫ 2 . Consequently, the total dissipation for the spirals could also overtake that for the Burgers vortex tube at the critical time
C. Dissipation for spirals in turbulence
In the present subsection, we discuss the contribution to turbulent energy dissipation from the spiral structures around the tubular vortices based upon the recent results from Jiménez et al. ' First, suppose that the Reynolds number ⌫ / and the total axial length l / L of tubular structures in turbulence scale, respectively, as
for constant exponents a and b, where l is computed in an L 3 periodic box and L͑ϳR ͒ denotes the integral scale. The Taylor-microscale Reynolds number is defined as R = u rms / , where u rms is the rms velocity of turbulence, and ͑ϳu rms / rms ͒ is the Taylor microscale. Recently Jiménez, Wray, Saffman, and Rogallo 1 found that the cross-sectional radius of strong vortex tubes is of the order of the Kolmogorov microscale ͑ / rms ͒ 1/2 , and its axial vorticity is O͑ rms R 1/2 ͒, implying that the vortex Reynolds number scales with R 1/2 , i.e., a =1/2. Jiménez and Wray 14 estimated the total axial length of the strong tubes as l / L ϳ R , i.e., b = 1. More recently Kida and Makihara 31 examined the statistics of low-pressure vortices, and they found that a Ϸ 0 and b Ϸ 2 ͑strictly a = 0.15 and b = 2.15͒. The vortex Reynolds numbers of their low-pressure vortices are rather large ͑⌫ / = 107-124͒, and are nearly independent of R . Their vortices are typical in the sense that not only the crosssectional radius but also the axial vorticity of the tubes scale 
055111-7
with the Kolmogorov length and time. ϳ R 2a/3 . ͑34͒
The lifetimes of the tublar structures are of the order of the large-eddy-turnover time L / u rms . 14 Normalizing the critical time ͑34͒ with L / u rms , we obtain
It follows from ͑35͒ that u rms t c / L ϳ R −2/3 for the strong tubular vortices ͑a =1/2͒ and that u rms t c / L ϳ R −1 for the typical vortices ͑a =0͒. At either case the critical time would be much smaller than the large-eddy-turnover time at R ӷ 1.
Let us now discuss the volume fractions of the tubular and the spiral-layer structures, and their contribution rates to the turbulent energy dissipation. In the case of the tube-like structures, their cross section and total length are O͑ / rms ͒ and l, respectively, and thus their volume fraction is estimated, from the latter scaling in ͑33͒, as
Since the total-energy dissipation for the Burgers vortex tube per unit axial length is of the order ⌫ 2 as discussed in Sec. III B, we have the contribution rate to turbulent energy dissipation from the tubes,
where we have used both the scalings in ͑33͒. In the case of the spiral layers, on the other hand, we recall that the volume per unit axial length of the spirals with highest dissipation is O͓͑⌫ / ͒ 2/3 t͔ as shown in Sec. III B. The lifetimes of the spiral structures are comparable with those of the tubular vortices, and thus we take the time average of the volume per unit axial length over the turnover time L / u rms . Because the spiral layers appear along the tube through the wrapping of vorticity lines around the tube, the total axial length of the spirals should be of the same order as that of the tube. Accordingly, we have the volume fraction of the spiral structures,
The contribution rate to the turbulent energy dissipation from the spirals is obtained, from ͑31͒ as
Equations ͑37͒ and ͑39͒ tell us that the contribution of the spirals to the turbulent energy dissipation dominates that of the tubes for ⌫ / ϳ R a with a Ͻ 3 / 2. Hence, the energy dissipation for the spiral structures would be much greater than that not only for the typical tubes ͑a =0͒ but also for the strong tubes ͑a =1/2͒.
It might be possible for the special case of 2a + b −3=0 that the contribution ͑37͒ of the vortex tubes to the turbulent dissipation would remain finite in the large-Reynoldsnumber limit R → ϱ. In reality, however, the contribution ͑37͒ for both the typical ͓͑a , b͒ = ͑0,2͔͒ and the strong ͓͑a , b͒ = ͑1/2,1͔͒ tubes is of the order R −1 , and therefore it disappears at R ӷ 1. 14 The finite contribution of the spirals ͑39͒ at R ӷ 1 requires the condition that 4a /3+b −2=0. For the spirals around the strong tubes ͓͑a , b͒ = ͑1/2,1͔͒ this condition is not satisfied ͑4a /3+b −2=−1/3͒, and the contribution rate from the spirals would decay proportionally to R −1/3 . For the spirals around the typical tubes ͓͑a , b͒ = ͑0,2͔͒, on the other hand, it is strikingly interesting that the condition for the finite contribution is satisfied, which suggests that the spirals around the typical tubes play a crucial role in the turbulent dissipation at R → ϱ. Because in the case of the typical tubes for ͑a , b͒ = ͑0,2͒, the volume fraction ͑38͒ for the spirals would also be finite at R ӷ 1, one might think that the spiral structures around the typical tubes are indistinguishable from weak background turbulence. In this case, however, the vortex Reynolds number ⌫ / is finite but rather large ͑say, ⌫ / ϳ 100͒ and so the magnitude of the vorticity ͓ rms ͑⌫ / ͒ 1/3 ͔ and the local dissipation ͓ rms 2 ͑⌫ / ͒ 2/3 ͔ in the spirals are also large compared with those in the background field.
IV. EFFECTS OF SMALL TILT OF TUBE ON DISSIPATION
In this section we consider the energy dissipation in the spiral vortex layers around a slightly tilted vortex tube at early-time evolution St͉␣͉ Ӷ 1 in order to demonstrate the effects of cross-axial shear on the spirals and their total dissipation. Moffatt, Kida, and Ohkitani 16 have shown analytically the spatial distribution of the viscous dissipation rate around an intense vortex tube subject to a nonaxisymmetric irrotational strain. Although the ͑axisymmetric͒ circular ring region of high dissipation around the vortex tube is cross axially deformed by the effect of the nonaxisymmetric strain ͓see Figs. 1͑d͒ and 1͑f͔͒ , the deformation does not affect the total dissipation for the tube itself. 16 In contrast with the dissipation for the tube, the cross-axial deformation of the spiral regions of high dissipation is expected to affect the total dissipation, because the interaction of a nonaxisymmetric strain with ͑nonaxisymmetric͒ spirals can yield an axisymmetric dissipative structure.
A. Asymptotic analysis at Stͦ␣ͦ ™ 1
If we consider asymptotic solutions to the vorticity equation ͑8͒ and to the Navier-Stokes equation ͑9͒ in the limit of a small tilt of a vortex tube ͉␣͉ Ӷ 1, the leading-order streamfunction and axial velocity coincide with ͑14͒ and ͑17͒ for ␣ = 0 in Sec. III, respectively. Therefore, the asymptotic solutions to ͑8͒ and ͑9͒ may be written as By substituting ͑41͒ with ͑17͒ to ͑9͒ and putting the higher-order axial velocity as
at the order St͉␣͉ we obtain, for the -dependent part,
and obtain, for the 3-dependent part,
The inhomogeneous terms in the right-hand side, and , are given, respectively, by
where hereafter the overline is used to denote the complex conjugate. The first terms in the right-hand side of ͑47͒ and ͑48͒ originate from the cross-axial advection of the axial velocity by the flow induced by the above quadruple ͑i.e., g͒, while the second ͑and third͒ terms come from the cross-axial advection by the uniform shear flow. The boundary conditions to be imposed are that rtf 1 ͑͒ and rtf 3 ͑͒ are regular at = 0, and rtf 1 ͑͒ → 0 and rtf 3 ͑͒ → 0 as → ϱ ͓see ͑6͒ and
͑7͔͒.
In the following we seek the asymptotic solutions to ͑45͒ and ͑46͒ at ⌫ / ӷ 1. Let us first examine the order of the inhomogeneous terms ͑47͒ and ͑48͒. The solution f to ͑18͒ ͑and so fЈ͒ decreases to zero exponentially as ⌫ / → ϱ up to the region ϳ͑⌫ / ͒ 1/4 ͑see Ref. 19͒, whereas f is given by ͑19͒ in the far region ӷ ͑⌫ / ͒ 1/4 at large ⌫ / . Therefore, f and fЈ are estimated to be O͑1͒ and O͑ −3 ⌫ / ͒, respectively. On the other hand, the large-Reynolds-number asymptotic solution g to ͑43͒ is of the order ͑⌫ / ͒ −1 in the near region ϳ 1 and is of the order
follows from the orders of f and g that the inhomogeneous terms ͑47͒ and ͑48͒ are exponentially small as ⌫ / → ϱ up to the region ϳ͑⌫ / ͒ 1/4 , while at ӷ ͑⌫ / ͒ 1/4 , and can be written as
where the solution ͑19͒ has been used. We note that the contribution of the advection by the quadruple has disappeared from ͑49͒ and ͑50͒.
Accordingly, if we consider the far region ӷ ͑⌫ / ͒ 1/4
and thus all the terms that include e
can be neglected, we may rewrite ͑45͒ and ͑46͒ as
where the inhomogeneous terms and are given by ͑49͒ and ͑50͒. At large Reynolds numbers R ⌫ = ⌫ / ͑2͒ ӷ 1 the Wentzel-Kramers-Brillouin ͑WKB͒ method can be applied to ͑51͒ and ͑52͒, and consequently we obtain the full expressions of the asymptotic solutions,
and
6 ͪ.
͑55͒
The solutions ͑53͒-͑55͒ represent the effects of the crossaxial uniform shear on the spiral vortex layers wrapped around a vortex filament. Figures 4 and 5 , respectively, compare the asymptotic solutions, ͑53͒ and ͑54͒ for the -dependent part and ͑55͒ for the 3-dependent part, with the numerical ones to the full equations ͑45͒ and ͑46͒ at moderate Reynolds number ⌫ / ͑2͒ = 100. The solid and the dashed curves represent the real and the imaginary part of the solutions. The thick and the thin curves denote the asymptotic and the numerical solutions. It can be seen in Figs. 4 and 5 that even at moderate Reynolds number ⌫ / ͑2͒ = 100, the asymptotic solutions are in good agreement with the numerical ones except for relatively small values of . The region of disagreement should shrink as ⌫ / ͑2͒ is increased.
B. Cross-axially sheared spirals
We now discuss the effects of the cross-axial shear on the viscous dissipation around the slightly tilted vortex tube for ͉␣͉ Ӷ 1. By substituting the expansion ͑40͒ up to the order St͉␣͉ with ͑14͒ and ͑42͒ into the dissipation rate ͑12͒, in which sin ␣ is expanded as sin ␣ = ␣ − 1 6 ␣ 3 +¯, we obtain the dissipation for the tilted tube,
For the dissipation caused by the spiral vortex layers around the tilted tube, on the other hand, we substitute the expansion ͑41͒ up to the order St͉␣͉ with ͑17͒ and ͑44͒ into the dissipation rate ͑13͒, in which cos 2 ␣ is expanded as cos 2 ␣ =1 − ␣ 2 +¯, to obtain
ͮ .
͑57͒
The first terms in the right-hand side of ͑56͒ and ͑57͒ represent the leading-order dissipation ͑see Sec. III A͒, whereas the others denote the higher-order correction. In Figs 
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case ␣ = + 0.2 and for the anticyclonic case ␣ = −0.2. The cross-axial vorticity ͓͑c͒ and ͑e͔͒ and the viscous dissipation ͓͑d͒ and ͑f͔͒ have been obtained at time St = 2.94 ͑St͉␣͉ = 0.59͒ by numerically solving the full equations ͑43͒, ͑45͒, and ͑46͒. The tube and the spirals undergo the cross-axial shear Sy sin ␣e z ͓see ͑1͔͒, and in the cyclone ͓͑c͒ and ͑d͔͒ for ␣ Ͼ 0 ͕or the anticyclone ͓͑e͒ and ͑f͔͒ for ␣ Ͻ 0͖ they are sheared from the left to the right ͑or from the right to the left͒ in the upper half ͑y Ͼ 0͒ of the panels while from the right to the left ͑or from the left to the right͒ in the lower half ͑y Ͻ 0͒ of the panels. Let us first discuss the effect of the cross-axial shear on the circular ring of high dissipation, which is caused by the vortex tube ͓see Fig. 1͑b͔͒ . As demonstrated analytically in Ref. 16 , if an intense tube ͑⌫ / ӷ 1͒ is subject to a nonaxisymmetric cross-axial strain, a vortex core is deformed into an elliptical shape, the major axis of which turns at an angle / 4 from the principal direction of the greater rate of strain. The deformation of the vortex core brings about two maxima of a viscous dissipation rate on the major axis of the ellipse. We can confirm the resulting two maxima in Figs. 1͑d͒ and 1͑f͒, though the turning angles of the two maxima are less than / 4 which is the asymptotic value at ⌫ / → ϱ. We should note that the spatial structure of the energy dissipation D T for the vortex tube is not different between the cyclone ͑␣ Ͼ 0͒ and the anticyclone ͑␣ Ͻ 0͒ except for difference in the argument, in the ͑y , z͒ plane, of the structures.
In contrast with the spatial structure of high dissipation caused by the vortex tube, the double spirals of high ͑vortic-ity and͒ dissipation are cross axially deformed into different shapes depending on the sign of ␣, as shown in Figs. 1͑c͒, 1͑d͒, 1͑e͒, and 1͑f͒. If ␣ Ͼ 0 ͑the cyclonic case͒, the radial spacing of the isocontours of the axial velocity in the outermost strong spirals is widened by the cross-axial shear to reduce the radial gradient of the axial velocity, so that the azimuthal vorticity and the corresponding viscous dissipation rate are reduced ͓cf. Figs. 1͑a͒, 1͑b͒, 1͑c͒ , and 1͑d͔͒. If ␣ Ͻ 0 ͑the anticyclonic case͒, on the other hand, the spacing of the isocontours of the axial velocity is tightened, which leads to a remarkable enhancement of the azimuthal vorticity and the dissipation rate ͓cf. Figs. 1͑a͒ and 1͑b͒ , and Figs. 1͑e͒ and 1͑f͔͒.
C. Reduction and enhancement of total dissipation
As shown in Sec. IV B, the viscous dissipation for the spirals is locally reduced or enhanced depending on the direction of the cross-axial shear ͑i.e., the sign of ␣͒. Here we analytically evaluate the effect of the cross-axial shear on the total dissipation for the spirals. The total dissipation for the spirals at ͉␣͉ Ӷ 1 is expressed, using ͑57͒, as
where the first term in the right-hand side represents the leading order ͑see Sec. III B͒, and the second represents the higher-order correction which comes from the axisymmetric contribution in ͑57͒. The integral I 1 is defined by
͑59͒
For large Reynolds numbers R ⌫ = ⌫ / ͑2͒ ӷ 1, f and f 1 are, respectively, given by ͑19͒, ͑53͒, and ͑54͒, so that the integral ͑59͒ may be rewritten as
͑61͒
If we differentiate ͑61͒ with respect to R ⌫ , we have
Therefore, at R ⌫ ӷ 1 we obtain
and the integral ͑61͒ turns out to be expressed as
where C is an integral constant to be determined numerically. Substitution of ͑64͒ into ͑60͒ yields
where the first term represents the primary contribution, and the coefficient, ͑C +2͒ / 32, of the second correction term is evaluated to be Ϫ0.0546 ͑C = −3.75͒ by the numerical integration of ͑61͒. Figure 6 compares the large-Reynolds-number asymptotic form ͑65͒ with the numerical computation of ͑59͒ for the numerical solutions, f and f 1 , to the full equations ͑18͒ and ͑45͒. In the numerical computation of ͑45͒, the nu- 
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Energy dissipation in spiral vortex layers Phys. Fluids 17, 055111 ͑2005͒ merical solution g to ͑43͒ is substituted into its inhomogeneous term. It can be seen in the figure that the integral I 1 takes a positive value, and that at large ⌫ / , I 1 is well described by the asymptotic form ͑65͒. Accordingly, it turns out analytically that the effects of the cross-axial shear ͓the second term in the right-hand side of ͑58͔͒ reduce ͑or enhance͒ the total-energy dissipation for the spirals in the cyclonic case ␣ Ͼ 0 ͑or the anticyclonic case ␣ Ͻ 0͒. At ⌫ / ӷ 1 the primary contribution from the cross-axial shear to the total dissipation ͑58͒ can be written explicitly as
and its comparison with the leading-order total dissipation, i.e., the first term in the right-hand side of ͑58͒, implies that the contribution of the cross-axial shear increases slower than the leading-order contribution, which is proportional to ͑⌫ /2͒ 4/3 ͓see ͑28͔͒, with increasing ⌫ / ͑2͒. The leadingorder contribution ͑28͒ dominates the higher-order contribution ͑66͒ at St͉␣͉ Ӷ ͑⌫ / ͒ 1/3 /ln͑⌫ / ͒.
V. CONCLUDING REMARKS
In this paper we have investigated analytically the energy dissipation in double spiral vortex layers which are formed around a straight vortex tube through the wrap and stretch of vorticity lines of background uniform shear flow with a shear rate S. The vortex tube is inclined in the direction of the uniform shear vorticity at a small angle ␣ from the direction of the uniform shear velocity. The tube, which starts with a vortex filament of circulation ⌫ at initial time t = 0, is diffused under the action of viscosity. The spiral vortex layers are dominated by the azimuthal vorticity, and thus they are different from the Lundgren spirals 17 in which the vorticity aligns with a vortex tube. Full analytical expressions of not only the solutions for the spiral vortex layers but also their contribution to the total-energy dissipation per unit axial length have been obtained at large Reynolds numbers ⌫ / ӷ 1 and at early-time evolution St͉␣͉ Ӷ 1. These expressions are independent of the inner structure of the vortex tube, and they are expected to be useful for understanding spiral structures in turbulent flows.
The total-energy dissipation for the spiral vortex layers around the longitudinal vortex tube of ␣ = 0 is evaluated asymptotically to be 1.29 2 S 2 ͑⌫ /2͒ 4/3 t at ⌫ / ӷ 1, whereas that for the diffusing tube is expressed as ⌫ 2 / ͑8t͒. The total-energy dissipation for the spiral layers exceeds that for the diffusing tube after the critical time St = 0.623͑⌫ /2͒ 1/3 . The total dissipation for the Burgers vortex tube subject to the axial strain is of the order ⌫ 2 , and therefore the total dissipation for the spirals could also overtake that for the Burgers tube at the critical time St ϳ͑⌫ / ͒ 2/3 / S. We have related the present analytical results with the energy dissipation for tubular and spiral structures in turbulence. We suppose that the vortex Reynolds number and the total axial length of tubular ͑and spiral͒ structures in turbulence are scaled with the Taylor-miscroscale Reynolds number R as ⌫ / ϳ R a and l / L ϳ R b , respectively. The axial strain acting on tubular vortices is known to be comparable with the background vorticity rms which is represented by S in this analysis ͑i.e., ϳ S ϳ rms ͒. Accordingly the total dissipation for the spiral structures would be greater than that for the tubular structure ͑i.e., the Burgers tube͒ after the critical time, normalized by the large-eddy-turnover time L / u rms , of the order R 2a/3−1 . The contribution rate of the tubes to turbulent energy dissipation would be of the order R 2a+b−3 , while by taking time-average over the turnover time L / u rms the contribution rate of the spirals has been estimated to be of the order R 4a/3+b−2 . For a Ͻ 3 / 2 it has been suggested at R ӷ 1 that the critical time is much smaller than the turnover time, and that the contribution rate from the spirals to the turbulent energy dissipation dominates that from the tubes. The direct numerical simulations of forced isotropic turbulence have provided us with the scaling exponents, ͑a , b͒ = ͑1/2,1͒ for strong tubular vortices 1,14 and ͑a , b͒ = ͑0,2͒ for typical ͑low-pressure͒ vortices. 31 In the case of either vortex, a significant contributor to the turbulent energy dissipation should be the spiral layers rather than the tubes. Recently the high-dissipation structures were found to have dimensions 1.7± 0.1, suggesting structures in the form of layers or ribbons. 37 We have also suggested that even in the largeReynolds-number limit R → ϱ the contribution rate from the spirals to the turbulent dissipation remains finite under the condition of 4a /3+b −2=0. This condition is satisfied in the case of the typical vortices ͓͑a , b͒ = ͑0,2͔͒.
31
If the vortex tube is tilted ͑␣ 0͒, the tube and the spirals undergo the cross-axial shear. The spirals of high dissipation are cross axially deformed into different shapes depending on the sign of ␣, so that the energy dissipation in the spirals is locally reduced ͑or enhanced͒ in the cyclonic case ␣ Ͼ 0 ͑or the anticyclonic case ␣ Ͻ 0͒. The local reduction and enhancement of the disspiation rate have been shown analytically to affect the total dissipation for the spirals. The primary effect of the cross-axial shear on the total dissipation for the spirals has been evaluated asymptotically to be − 1 4 ␣S 3 ⌫ ln͑⌫ /2͒t 2 at St͉␣͉ Ӷ 1 for ⌫ / ӷ 1. In uniformly sheared turbulence 2 and near-wall turbulence, 4 quasistreamwise vortices are often observed to slightly tilt in the spanwise direction. In isotropic turbulence tubular vortices ͑and spiral vortex layers around them͒ may undergo the cross-axial shear ͑or nonaxisymmetric strain͒. 12, 16 The cross-axial shear would play different roles in the turbulent dissipation depending on configuration. For instance, the spiral vortex layers around the quasistreamwise vortex of the cyclonic inclination are considered to be less dissipative than those of the anticyclonic inclination, which might be related to dominance of the cyclonic structures observed in shear flow turbulence.
It is interesting and important whether the spiral structures of high azimuthal vorticity are stable or not. The linear stability analyses of an elliptic jet 38 and a corrugated vortex sheet 39 showed that the curvature of vorticity lines on a sheet suppresses the Kelvin-Helmholtz instability. Not only the curvature of the spiral layers but also the mutual constraint between the wrapped layers are expected to reduce the instability. However, the problem of their stability is left for a future study. 
